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Section 1

"INTRODUCTION

This is the second of a series o2 reports on the develop-

ment of finite-element analysis procedures for computation of

linear elastic stress intensity factors associated with cracks

in common aircraft structural details. Finite-element analysis

serves the important purpose of providing KI and KII solutions

for situations in which .:he boundary geometries are too complicated

to permit convenient treatment by the classical methods.

The first report in the series[ 1 j summarized the formula-

tion of two basic building blocks which are used in the analyses:

the well-known bilinear isoparametric quadrilateral and the PCRK59

a sumed-stress hybrid crack-containing elements. The former element

has been widely accepted and appears in most general-purpose finite-

element programs. The latter elemenLt was originally developed at

ASRL in 1972 [2 ] and has subsequently been put through extensive

Perfo.'inance tests to characterize its behavior as a function of

.,shape distort: ons [ 3 ]o

Earlier work [ 4, 5 ] has demonstrated that the assumed-

stress hybrid method permits accurate computation of stress

intensity factors, while preserving Matrix DisplacemenL Method

conventions in the global programming environment (data input,

assembly, matrix solution orocedure, etc.). In the present work,

the hybrid method ts used auain to formulate another special-
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purpose element for modelling the region around a fastener hole.

The new element is combined with the quadrilateral and PCRK59 to

represent a skin tension panel containing an open fastener hole.
The ASRL FEABL program[ 61 is again used for global analysis.

Additional features belonging to FEABL which have not yet been

formally documented are employed in the preseit analysis, and are

outlined briefly in this report. These features pertain to the

technique of substructurir. bý a Gauss elimination algorithm.
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Section 2

NEW DEVELOPMENTS

Modularization of the finite-element model of a structure

becomes as important as modularization of the basic program when

the application is computation ,!f stress intensity factors. The

objective is to reduce unnecessary arithmetic operations and

computer printout to a minimum. In particular, the stresses and

displacements are of little interest (and of no interest at all

at any distance away from the crack tip) except for verifications

of accuracy during development. The substructuring technique,

used for many years in airframe analysis programs*, provides the

required modularity. Subroutines for substructuring were developed

as add-ons to FEABL as part of an unrelated project** and have

been used in the present work. The substructuring algorithm an.d

the functions and conventions of the add-on subroutine3 are dis-

cussed briefly in this section to provide a complete picture of

the panel analysis program.

The so-called *near-field" region around a fastener hole

forms one such substructure module. The first attempt to model

this region with conventional quadrilateral elements resulted in

*For example, the Boeing ASTrA program.

**Sponsored by the Xerox Corporation (Dr. T, C. Soong, technical
monitor).
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severe mesh distortion, numerous unwanted degrees of freedom,

and solution accuracy problems. In consequence, the hybrid

method was called upon, resulting in the HOLEI. special-purpose

element for this module. The history of these investigations is

traced in Subsections 2.3 and 2.4.

2.1 Substructuring

Figure 1 illustrates the finite-element model of a square

panel which contains a single fastener hole offset from the

panel center]ine. A detail in the lower part of the figure shows

how a PCRK59 element might be inserted to represent a small crack

emanatinq from the hole. It is evident that the complete global

solution (displacements at each of the wany nodes in the model)

constitutes unwanted informatic.n if the analysis if to be repeated

while the crack location is varied parametrically around the

fastener hole.

A computationally more efficient procedure is obtained by

subdividing the model into far- :ield and near-field substructures,

as shown in Fig. 2. The broken line in Fig. 2 corresponds to

the edges ABCD in Fig. 1. If the element stiffnesses, prescribed

nodal forces and nodal displacements are first assembled for the

far-field substructure, the resulting equation system may :e

partially solved. In effect, all of the information pertaining

to the far field substructure is transterred to tlz inter-sub-

structure boundary ABCD. This information may then be treated

as a "super-element", which can be assembled with a succession

4



of near-field substructures \containing a crack in different loca-

tions. As a result, many fewer degrees of freedom are processed

in the parametric stress intensity computations.

The substructuring process may be represented formally as

follows. Let the assembled equation system Kg 0 for a sub-

structure be partitioned into:

KA

where

K = stiffness coefficients

q = (unknown) nodal displacements

Q = prescribed nodal forces

and where K =KT Subscripts I and B refer to nodes and degrees

-BI -1B

of freedom which are considered respectively as "interior" (to

be eliminated) and "boundary" (to be retained for subsequent

assembly along the inter-substructure boundary). The interior

degrees of freedom are formally eliminated by solving the first

of Eqs. 1 and substituting into the second:

.4.'

Ku Q K K
., - ^ -

~Is $-g (2)

K K + K

5
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A rearrangement of the terms in Eq. 3 leads immediately to:

C') (Cc
(4)

where K (C) ý(c) are the statically condensed stiffnesses and
BBE '-B

forces, given by:

K K1 (5)

A•A) A

It is apparent from Eqs. 5 and 6 that the substructuring

process may be realized as a computing algorithm independent of

the unknowns I' qB In practice, the process may be programmed

to eliminate one degree of freedom (one equation) from the system

at a time, so that inversion of K is avoided. The entire

algorithm then consists of as many passes through the assembled

equations as there are degrees of freedom to be eliminated, a

proceuure quite similar to the Gauss-Cholesky factoring methods

normally used to solve the whole equation system [61.

Substructuring places an additional burden on the program

user when the global software stores K as a band-matrix. It can

be shown by tracing the details that the elimination algorithm

inflates the stiffness matrix bandwidth if q, and qB are arbitrarily

6
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interspersed. However, if qI always appear as the first degrees

of freedom in the global numbering sequence, the bandwidth of K

is not affected by elimination. This restriction has been placed

on the FEABL add-on subroutines, and it requires some care in the

choice of global numbering sequence and substructure boundary

locations on the user's part.

The foregoing derivation of the substructuring algorithm

assumes that all the prescribed quantities are nodal forces Q,

while all of the displacements q'are unknowns. However, if

restraints are applied to the substructure such that a subset
A

qI of the interior degrees of freedom q, are prescribed, Eqs. 2
0

through 6 may still be used. The only difference is that the
A

rows and columns of K corresponding to are decoupled from
O

the equation system*, while the right hand side of Eqs. I is

replaced by:

A *A

z' (7)

2.2 Implementation of Substructuring in FEABT

Three add-on subroutines have been programmed and verified

for the g.j cil ý_omputation tasks associated with substructuring.

Subroutine STACON executes the Gauss elimination algorithm on a

band-matrix which has been assembled and stored in accordance with

*S-3e Ref. 6, Subsection 3.2.5.

7



the existing FEABL conventions. A normal MAIN program is written

to control the FEABL software up to the point at which K would

be factored in a conventional analysis. However, instead of

factoring the instructions:

ISGN=

CALL STACON(ISGN,NID,RNAME,INAME)

is programmed, where

ISGN = Matrix condition controi parameter

NID = Total number of interior degrees of freedom

RNAME,INAME = Real (floating point) and integerL (fixed point) variable names assigned

to the FEABL DATA vector

The control parameter ISGN must be set to +1, -1 or 0 before STACON

is called. A value of +1 aborts the run if K is not a positive-

definite matrix. A value of -1 aborts the run if K is singular.

A value of 0 always results in return to the MAIN program with

ISGN reset according to the actual matrix condition encountered:

positive-definite (+1), non-positive but nonsingular (negative

integer), or singular (0). The positive-definite option is used

in conventional finite-element analyses. The nonsingular option

is used in special cases, e.g., Hermann's principle for which

ideally incompressible elements include volumetric constraints

in the assembled equation system. The option ISGN=0 may be used

generally, in programs for which the user wishes to retain control

for debugging or other purposes when an error condition is encountered.

Subroutine STACON carries out the elimination process in place.

a



as shown schematically in Fig. 3. After execution, the statically

condensed force vector appears in INAME(IQ+NID) to INAME(LQ) ahd

the statically condensed stiffness coefficients appear in INAME(J)

to INAME(LK), where:

J=IK+INAME(IK0UNT+NID)+NID+l (8)*

'Te shaded areas shown in Fig. 3 contain the back-substitution

information K-1 0 and K 1IB' which may be used to solve for

S(Eq. 2) after qB has been computed.

The statically condensed stiffnesses and forces may simply

be transferred to another storage area and treated thereafter as

a "super-element" if desired. A qeneral programming sequence to

execute the transfer is given in Appendix A. If this is done,

the substructure may later be assembled into a complete structure

with subroutine ASEMBL or subroutine ASMLTV. A list of local-to-

global degree-of-freedom connections must be given for the "super-

element", just as is done for any ordinary element. However,

while the numbering convention for an ordinary element is fixed

by the manner in which the element subroutine has been programmed,

the convention for a "super-element" is determined by the user's

sequence of global numbering for assembly of the substructure.

For example, if the far-field substructure in rig. 2 has been

*IK0UNT is another address control parameter. See Ref. 6,
subsections 2.1.3, 2.2.2 and 2.2.6.

9
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numbered such that the boundary degrees of freedom are globally

assigned iL the order A-B-#'C+D-A, then the connections of the far-

field "super-element" to the near-field portion of the model must

be given in that order.

A second option available to the user is to leave the statically

condensed substructure in place and to employ a second DATA vector

for assembly and solution of the complete structure. Add-on sub-

routine ASMSUB has been programmed for this option. Subroutine

ASMSUB performs a function similar to the conventional assembly
.(c) A (c)

routines (ASEMBL,ASNLTV), but is capable of assembling -KBc '#c)

directly from one DATA vector into another. Since two DATA vectors
must be manipulated simultaneously, extra address control parameters

are required. The beginning of the program might appear as follows:

DIMENSION RNAMEI (xxx), INANE1 (xxx), RNAME2(yyy), INAME2(yyy)

EWUIVALENCE (RNAMEI(l), INAHEI(l))

EQUIVALENCE (RNAME2(l), INAME2(l))

COMMON /SIZE/ NET. NDT

C0NN /BEGIN/ "0NIK0UNTILNZ, IKASTR, 1Q, IK

COMMON /END/ LC0N,LK0UNT,LLNZ, L 4ASTR.LQ, LK

COMMON /SIZESS/ NETSS.NDTSS.NIDSS

COMMON /BEGSS/ IDEG(6)

COMMON /ENDSS/ LE?4D(6)

Now suppose that a substructure is assembled and statically

10



condensed in vector (RNAMEl,INAMEl):

ISGN=l

CALL STACON(ISGN,NID,RNAMElINAMEl)

At this point, the substructure's control information must be

cleared from the labelled COMMON areas to permit formation of

the complete structure. The information is transferred to the

extra areas:

NETSS=NET

NDTSS-NDT

NIDSS=NID

IBEG (I)=ICON

LEND (6) =LK

The program continues with a conventional generation of size,

connections, assembly, etc. for the complete structure in vector

(RNAME2,INA14E2) until the substructure is to be a&sembIed. At

this point, the user simply programs:

CALL ASMSUB(LNUM, RNANEI,INAMEIRNAME2,INAME2)

112



where LNUM represents th':' element number assigned to the sub-

structure, considered as a "super-element" in the complete

structure.

There are some cases for which the solution qI may be

required in a particular substructure. Subroutine QBACK has

been proqrammed as the third add-on to execute the required back-

substitutlin solution for qg. Subroutine QBACK is designed to

work with ASMSUB in the multiple DATA vector environment. Suppose

that the above example is continued to the point :t which assembly

and constraint of the structure equation system are complete.

Factoring arid global solution now follow:

CALL FACT(ISGNRNAME2, INAE.2)

CALL SIMULO(ENERGY, RNAME2, INAME?)

At this point, vector (RNAMW.2, INAME2) contains the solution q

for the complete structure. Part of q is, in fact, the boundary

displacem4ent solution q for the substructure. An interior solu-

tion may be obtained by continuinq with:

CALL OBACK(LNUM,RNA.'4El. INAMEI,RNANE2.INAME2)

After execution of QOACK, the substructure (1obal solution 0ýi:qBI

appears in vector (RNA1E|,INAKEI). The solution will also be

12



printed by subroutine OBACK.

2.3 Experiment with Conventional Mesh

The first attempt to model the panel and fastener hole was

made with conventional quadrilaterals and a 5-node hybrid mesh-

expander element. Experience with analysis of an attachm'int lug

detail [1 jindicated that at least 24 quadrilaterals shoulO be

placed around the hole to obtair accurate solutions. One then

faces the following choices for the panel:

I. Mesh expansion in the near-field region to reduce the

number of divisions below 24 on the near/far-field

boundary (ABCD in Figs. 1 and 2).

2. Acceptance of 24 divisions on the noat'/far-field toundary

and continuation of this detail into the far-field region.

3. kcceptance of 24 divisions on the boundary, with some

mesh expansion immediately outside the near-fiold reQion.

Zhe first choice was )udged to be unlikely to give accurate computed

displacements near the hole be-ause of the severe shape distortions

which the Mesh-expander elaments would have caused. The second

choice was docmed to be unocceptabie in that too many unwanted

degrees of freedom would be place-d in the far-field region, 'Naking

either cne-staqw solution or substructuring computationally ineffi-

tient. The third choice was consequently selected as the ?est

compromist betuven computational efficiency and solution aceit.xacy

near the hole.

Fiqure 4 illustrates a typical mesh for a panel with the

fastenor hole centered. Extra detail is kept in the far-field

13



region to the right of the hole in order to permit the hole to

be offset continuously toward the zight edge of the panel while

avoiding extreme aspect ratios in the far-field elements. Tests

with this model quickly showed that the asymmetric mesh grading

led to highly asymmetric behavior of the computed solutions.

Figure 5 illustrates a typical example. Computed horizontal

displacement of the left and right edqes of the panel are shown

for the case of uniform vertical tension and the fastener hole

jI centered. The inaccuracy of the model was judged to have been

caused by the combination of asymmt ric mesh grading, aspect

ratio effects, and shape distortions in the near-field region.

The conclusion was that conventional finitc-element models

could be made to work for the panel structure only with very

fine detail, and therefor at an unacceptably high computing cost.

Lest it be thought that too much accuracy has been demanded from

the analysis, we remind the reader that more than an engineering

solution is required to achieve the ultimate ioal. In considerinq

the accuracy of the KI and KI1 solutions, it has been shown 11, 3 1

that shape distrrtions of zhe PCRKS9 element alone can account

for as much as 3 to 5 percent error. Furthermore, direct verifica-

tion of accuracy by ;.,mparison with independent methods is possible

only for KI with cracks emanating horizontally from the fastener

hole. Hence, a finite-element model capable of computing highly

accurate displacements near the fastener hole i:i required to

achieve engineering accuracy in the final answer. As a result,

the assuiied-stress hybrid method was investigated as a possible

14
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alternate way of handling the transition from the circular hole

geometry to the cartesian geometry of the near/far-field boundary.

2.4 Creation of a Hybrid Fastener Hole Element

The energy principles on which hybrid elements are based

have been reviewed previously [1 1 . The energy principleR1 was

chosen for the present investigation, giving the general form of

an element stiffness matrix as:
- -

(9)

%.,ere

H tf Pd A (11)
-u A

and where

* A = Element area

"A = Element boundary

L = Matrix of assumed-displacement interpolation

functionns defined on DA.

"N = Matrix of direction cosines for the outward

normal to aA.

P = Matrix of :issumud-stress shape functions.

S = Matrix of elastic compliance constants.

t = Element thickness (assumed to be unity without

loss of generality).

15



Two fundamental properties of hybrid elements make them useful

in linear elastic plare stress and plane strain analyses:

1. Great flexibility in choice of element shape is permitted,

since L need be defined only in terms of an arc length

coordinate from node to node along aA, and since the

shape functions P need only satisfy the continuum

equilibrium equations.

2. Many shape functions P can be chosen to satisfy equilibrium

and at the same time allow the element to closely mimic

a particular local stress distribution.

Both properties have been used to advantage in the development

of an element for the near-field region.

Practical application of the hybrid method requires that the

analyst account for known local )ehavior in the formulation of

his element. In the present case, one reasonably expects to see

sin(20) and cos(26) components in the stress distribution near

a fastener hole in a panel under tension, as well as terms indepen-

dent of 6. Second, one should expect to see the near/far-field

boundary deform in the manner shown schematically in Fig. 6.

Simulation of this behavior requires that the element have at

least three nodes (corners and mid-edge) along its near/far-field

boundary edge. Third, the element must be kinematically stable,

since it will be placed in the mesh so as to separate two conven-

tionally modelled regions. Kinematic stability is assured if:

- t12)
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for plane stress and plane strain elements, where

m = Total number of assumed-stress shape functions.

n = Total number of nodal degrees of freedom (dis-

placements) in the element.

Finally, at least 20 nodes should be provided along the circular

inner boundary, which may serve either as the fastener hole boundary

or as an interface to which quadrilaterals and PCRK59 elements

may be coupled.

The kinematic stability condition results in a quick determina-

tion that modelling of the entire. near-field region with a single

element would be impractical. For example, assumption of the

minimum number of nodes (8 along the outer, 20 along the inner

boundary) results in a 56-degree of freedom element which requires

m > 53 assumed-stress shape functions. It is seen from Eqs. 9 and

11 that H is an mxm matrix which must be inverted to compute the

element stiffness matrix. Furthermore, H is fully populated. The

single-element approach was rejected in view of the difficulty

in finding 5 shape functions and the computational inefficiency

associated with inversion of a 53 x 53 matrix.

A 90-degre; segment of the near-field region was the first

geometry for which an element development was attempted. The

element shape, shown in Fig. 7, encompasses one quarter of the

circular boundary and one edge of the near/far-field boundaiy.

With 20 divisions allowed around the hole, the element possesses

6 inner nodes in addition to its 3 near/far-field boundary nodes.

17



The element can be subjected to rotatioi, transformations and

repeated assembly to model the entire near-field region. The

kinematic stability requirement now leads to m > 18 - 3 =15 for
the minimum number of stress shape functions. However, since

rotation transformations are contemplated, insensitivity to

orientation enters as another practical requirement. This leads

to a choice of m=16, as explained in Subsection 2.5. Tests of

the 9n-degree element highlighted a problem of inaccuracy in the

integration for the H matrix (Eq. 11), which was judged to have

been caused by the presence of terms in sin(4e) and cos(40) in the

stress shape functions P.

The approach finally adopted divides the near-field region

into eight 45-degree elements. Figure 8 illustrates the basic

element, which possesses 4 nodes along its circular boundary.

The element possesses 12 degrees of freedom, and therefore m>9 is

required. To preserve orientation insensitivity, m=10 is chosen,

so that all sin(20) and cos(26) terms are included in P. The entire

near-field region is assembled by first computing ki for the basic

element and then subjecting kI to a series of transformations for

the seven other elements shown in Fig. 9.

2.5 Final Formulation of Hybrid Hole Element

The choice of assumed-displacement interpolation functions

for the hybrid element is dictated by ,he need to maintain inter-

element compatibility along its edges. Since the hole element
must be capable of coupling to a quadrilateral or a PCRK59 segment

between sach pair of nodes, linear interpolation must be used.

18



In general,

F. oo 0 1-A/A 0 Al * - I
[tl L$0 * 0 0 £-Al.0 A&L 0" 0 t j (3JZ (13)

L L

where ql, q 2 ' ...q1 2 are defined in Fig. 8, and where

u(A) = Horizontal edge displacement.

v(A) = Vertical edge displacement.

Z = Length of edge between a pair of nodes.

The arc coordinate A in Eq. 13 is a relative measure of distance

along any edge, with the positive sense taken as counterclockwise

for integration along aA. Note also that the nonzero terms in

L appear in different positions for different edges. For example,

-4/1 0 M/j0 0 00 01S34+ 0 000 0 41-AlO 0 0 0 0 (14)

for the edge between nodes 3 and 4, while

L A o 0 0 0 0 0 0 0 0 1- /41 0
0 4 j 0 00 00000 0 C A/i) Ui5)

for the edge between nodes 6 and 1. In a similar manner,

A" 0, 13,+ at n'o"c- 3,4
(16)

4. -, at ,0odes 'i
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ind so forth. These changes of definition do not cause difficulties

in the boundary integration (Eq. 10) because the computation is

zarried out numerically, one edge at a time.

Assumed-stress shape functions are selected most conveniently

by direct adaptation from classical elasticity solutions in polar

coordinates. Let an Airy stress function 4(r,O) be defined by:

TrF-57 +71 'TO rx~- re a 77 (17

Then the equations of elasticity for homogeneous isotropic material

reduce to:

V -V1Ue) O (18)

where

= lrz r d0r r-- 0 (19)

By assuming as an expansion for the stress function:

00

r ~~tr) [sin (ni) or-eas tna (20)

it can be shown that Eq. 18 reduces to a set of equidimensional

ordinary differential equations in ýM(0) r, (1) (r),... , for

20



which the following solutions are obtained 17 1*:

ao in c. r' #rZr (21)

r ) , C" r *rc2r +dr n>Z (22)

Stress distributions corresponding to Eqs. 21 and 22 are obtained

by substituting back into Eqs. 17 ( 7 1-

rx.
z,. ._bo+ ;o+ J. (,T+2Ar)

rr0 r--

and 00 ~

O0~~rr "670r"r

+_-nna) sin (0) or-C-o

"Z' u[ (nh-)r"'= (n++)r .C,," + #;÷on+ n)r +
(24)

td6z-3,.~' (Jfinnt)or WW

.j/nt J[coi*)o- te.1w)-r"

*The solution fer 0 (r) is of no interest in the present work.
Terms in sinO and cosO correspond to problems in which a dis-
continuity has been introduced, e.g., re-welding of an annulus
after a segment has been cut out.
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The undetermined coefficients bo, C0 , ... , dn in Eqs. 23 and

24 play the role of assumed-stress degrees of freedom, which are

eliminated when the element stiffness matrix is formed [1 ]. The

remaining re-dependent portions of the terms are placed in the

shape function matrix P.

Shape functions have been chosen from Eqs. 23 and 24 as

follows. For the 0-independent terms, logarithmic behavior is

not particularly desirable; only the b and c terms have been0 0

retained. This choice is admittedly arbitrary. To complete P,

enough 0-dependent terms are chosen from 20, 40, 80,... behavior

to satisfy kinematic stability and orientation insensitivity.

The latter requirement demands, e.g., that all 20-dependent terms

be retained if any are required for stability. It is apparent from

Eqs. 24 that there are eight nO-dependent terms for each n when

sin(nO) and cos(n0) terms are included. Thus, selection of the

20-dependent terms provides a total of 10 shape functions, just

enough to satisfy the requirements for the 45-degree element

(The 90-degree element requires addition of the 40-dependent

terms as well, making a total of 18 shape functions.). The shape

function matrix, as finally adopted for the 45-degree element,

is given by:

S-)r2•o -•co4G/r 4  0 "cosZO/r' -2si,,ZB

-sin0 -461ZW/r 3  1/rL 1 ) (25)
6 sin 26/r 4Ur'tin,2 0 t/rJ.
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The numerical integration required for computation of the

R matrix (Eq. 11) is accomplished most conveniently in polar

coordinates. However, computation of G (Eq.10) actually requires

the cartesian surface tractions which correspond to the assumed-

displacement field:

Tm ~1~f-~ N P (26)

where 6 represents the vector of stress unknowns [1]. Hence,the

following modification of Eq. 10 is required. Since

in the present case, a Mohr circle transformatiozn must be introduced:

00 M rt M PP (28)

and Eq. 10 is replaced by:

f~ f (NMP'L4At (29)S- - _• P gd•€9

where

Ce1 sinl a -si*20M = Ai' ,"; •-z|1o
IsOS-Isin2f cP'SZO

In Eq. 30, 0 is the anqular coordinate of the current integration

station on aA. Thus, the price paid for convenience in choosing
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P(r,0) is the slight amount of additional computation required

to form M at each integration station, as the element boundary

3A is swept in Eq. 29.

2.6 Transformation-Assembly Procedure

A complete set of stiffnesses for the near-field region can

be obtained from a single element computation by means of a

transformation-assembly sequence. Element number 1 in Figs. 8

and 9 is always assumed to be oriented with edge 61 along the

positive x-axis. Eqs. 11 and 29 are integrated with Gauss-

Lagrange quadrature (GLQ) formulas [8) to compute kI, which is

then assembled into a near-field substructure in accordance with

the global node numberinq scheme in Fig. 9.

It is apparent that the stiffnesses for elements 3, 5 and 7

can be obtained by rotation transformation of k . For example,

element 3 is oriented at +90 degrees from element 1. Hence, the

transformation:

* (31)

zelates the locally oriented displacements qL to the globally

oriented displacements q G where:
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cos9 50ID
-sin& coS&

CoSG sipla

(32)

cosa s5 il
(super-. dijo•/-) -Sin Cos 6  (tz Wiz)

An example foz one pair of nodal displacements is illustrated in

Fig. 9. Since strain energy is independent of any particular

coordinate system, a global stiffness matrix for element 3 may

be computed as follows:

Stran Cnr kL f(33)

Introducing Eq. 31 for 5L leads to

T
.{ R7.k, R34)

for arbitrary values of q.. Therefore:

OR k R (35)

and in a sizailar manner,
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The sequence of rotation transformations given by Eqs. 35 and

36 assembly according to Fig. 9 is followed.

A stiffness matrix for element 2 can be obtained from k

by the reflection transformation illustrated in Fig. 10. If

element 2 is considered relative to a reflected xy axis system,

then its stiffness is identical to kI with the displacements

oriented as indicated by the broken arrows. However, stiffness

k is wanted again with respect to q It is evident from Fig.

10 that for this case:

1. (37)

where

(38)

JI

-it

lI

Applyinq the strain energy argument aqain then qives immediately:

After has betn assomb1e, the procedure is completed with j
rot~ati|on tran-sfortiations for.:

0 4 , R k- .,r 3,,/z (40)



where R is given by Eq. 32. The transformation-assembly procedure

has been programmed internally, and the final result may be

thought of as a single element with 16 outer boundary nodes, 24

inner boundary nodes, and 64 total degrees of freedom. Figure 11

illustrates the numbering convention for the assembly, which will

be referred to as HOLEL in subsequent discussion.

2.7 Performance Tests

Several periormance tests were conducted, in addition to

routine checking of inversion accuracy in the H matrix, in order

to assess the capabilities of HOLEL. Althouqh its primary

function is to serve as a link between a few inner rings of

quadrilaterals and a coarse far-field mesh, there is some inteirest

in determininq the solution accuracy for structures in which the

inner boundary of HOLEL is stress-free. Errors are to be expected

for this situation, since the assumed surface tractions N M P 0

generally do not vanish when P(r,) is computed for points lyinq I
on the element boundary ',A. Errors of this type usually appear

as oershoots in the computed stresses, qiven by IIj:

- -

whore r,9 represent any point in the element domain A or on the

boundary 4A. Matrices 8 (r,10) were computed durinq the format ion

of k1 for sevnral points along , r?.y at. -1 - 22.5 deirees xn

element 1 (Fig. 9) for the purpose of the test.

Fiqs. 13, 14 and 15 illustrate the res.ults of a test sw-rir-

in which the dimensions of HOULL are (so rj,, 12).:
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Hole Diare'er D = 2 inches
0

Edge Dimension W = 8 inches

The value W/D= 4 was chosen on the Ža;is of a classical0

elasticity solution which indicates that far-field conditions
are achieved -t r/R° = 4 for an open hole in an infinite plate

[9]. The finite-element results computed from Eq. 41 are compared

with the classical solution at 9 = 22.5 degrees [7].

The effect of increasing the number of GLQ inteqration

stations is studied in Fig. 13, which plots T w. This stress

component is the least sensitive to overshoot error because it

does not enter into the stress-free condition on the inner circular

portion of the boundary. The results show that 3 GLQ stations

are too few, while acceptable accuracy is obtained with 4 or more

stations. The proqram-minq of HOLEL was subsequently fixed at

S GLQ stations based on these results, Th', meaning of "5 stations"

is actually:

5 stationS X edges to compute .. on 'A 30

5_.x 5 stations to compute it .*i A "5

Total GL) inteqration stations . 5

This amount of computinq is comparable to the amount iejiired for

the PCIRK59 elemen;t.

Viqures 14 and 15 illustrate, the behavior of - and
rr

respectively. Finite-element resuits ,ire shown only foi 5 GLQ

stations. These results demonstrate surprisin(.i that HOLE., is

able to &chieve the stress-free condition. Hlower°vLr, 'some inaockiracy



can be observed at r/R 0 1.7. The important conclusion to be0

drawn from this test series is that HOLEL can be used without

interior elements to model a multi-fastener-hole structure for

which, e.g., local stress distributions or K, and K solutions

are sought only at one fastener hole, or at some other location.

The second test series studied the performance of HOLEL as

a function of the parameter W/D°, using the test problem illustrated

in Fig. 12. Results fo-. r are plottel in Fig. 16. Some performance

degradation is observed for W/DO = 3, as the near-field stress

gradients begin to appear in the far-field elements, which are

incapable of following this behavior with complete accuracy.

Considerable degradation is also seen for W/Do = 8, a result which

might be attributed to either the absence of far-field termns in

P(r,G), or errors in computing G and H caused by shape distortion,

or both. One may conclude from these results that limitations

must be placed on the edge distance and centerline spacing in

HOLEL models of multi-fastener structures.

The objective of the third test series was to study the

accuracy of HOLEL for the case of combined interference-fit or

bearing loads and panel tension. Two tests were conducted, in

which additional loads were applied at the fastener hole boundary

of the model shown in Fig. 12. In Fig. 17, results for Trr are

plotted for the case of 1 ksi panel tension combined witn 1 ksi

uniform pressure to repre'3ent an int-erference fit. A curve faired

through the computed stresses extrapolates to -1.07 ksi at the

fastener hole boundary, i.e., an error of about 7 percent. In
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Fig. 18, results for Trz are plotted for 1 ksi panel tension

combined with a bearing pressure distribution given by:

'ZP
(42)

Eq. 42 gives

r PI - P)- ./S- kst (43)

at 0 = 22.5 degrees. In this case, a curve faired from 11 computed

stresses extrapolates to the exact value at the fastener hole

boundary. It is apparent from these results that HOLEL is

accurate for both interference-fit and bearing loads. In the
former case, the results could have been improved by computing

'Yr at 11 locations instead of the 5 which had been used. Far-

field element stresses were also checked for this test series.

In the case of interference-fit, the computed values for cartesian

stress in the far-field elements were a = 1 ksi and a = 0 = 0

(to the roundoff level of the computer), with very little disturbance.

In the case of bearing, it must be recognized that the 8,000-lb.

bearing lcad adds to the 16,000-lb. panel tension load (1 ksi x 16-

inch edge) for the far-field elements below the fastener hole.

The computed stresses were in fact a = 1 ksi for the upper
Oyy =a ay0

elements, a = 1.5 ksi for the lower elements, and Gxx = axy 0,

with load-transfer effects appearing in the far-field elements

adjacent to HOLEL.

30
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In the fourth test series, four rings of quadrilateral and

PCRK59 elements were added to the structure model with the outer

ring coupled to the circular boundary of HOLEL. Two test cases

were analyzed. In the first case, the ring consisted entirely

of quadrilaterals, and a cosine bearing pressure distribution

(Eq. 42) was applied at the free boundary of the innermost ring.

Figure 19 plots the results for Trr computed at the centroids of

one "slice" of four quadrilaterals, along a ray at 0 = 97.5 degrees.

The faired-curve extrapolation of these four data points agreez

well with

2P
Iwo i25.2 -s° (44)

In the second case, one or two groups of four quadrilaterals were

replaced by PCRK59 elements to simulate a fastener hole with a

crack at 0 = 0 or two equal-length cracks at 0 = 0, iT. Several

cases were analyzed covering the parameter ranges:

Hole diameter/HOLEL Edge! 0.02 <DI /W < 0.05

HOLEL edge/HOLEL diameter:W/Do= 4

Crack length/hole radius: 0.25 < a/RI < 1.0

Table 1 compares the computed KI values with independent classical

solutions 110, 111. The results demonstrate that the finite-

element model is capable of providing reasonably accurate KI solu-

tions for quite extreme geometries (small fastener hole in a

laý-ge panel).

The final test series consisted of a number of demonstration

runs of the complete PANEL program, in which K and K11 solutions

31



were computed for another range of W/Do values. These results

are presenteO in Section 5, following the documentation of the

I HOLEL procedure and the PANEL program.
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Section 3

HOLEL PROCEDURE

Due to the complexity of the model, HOLEL has been programmed

as several interrelated subroutines. Subroutine HOLEL provides

overall control of the stiffness generation-assembly-transformation

procedure, calling upon subroutines QHOLEL, GMTRX, HMTRX, LMTRX,

KPqMTRX, PMTRX and TRIG to execute specific computational tasks.

In addition, HOLEL uses some of the FEABL-2 software (6] for the

assembly process.

3.1 Structure Model and Input/Output Conventions

A square near-field region with an inner circular boundary

of radius RO is modelled. The numbering conventions have been

indicated in Fig. 11. Subroutine HOLEL is invoked by:

CALL HOLEL(COORD,THK,S,RI,RSS,ISSB)

where the arguments are dimensioned and defined as follows:

COORD(12) - Vector of cartesian coordinates of the

element corners in order XI,YIZlX2, '

Z4 . (In the present version, the element

is assumed to lie in the XY plane, and the

Z coordinates need not be given any values.)

THK - Scalar value of element thickness.

S(3,3) - Array jf elastic compliance constants for

homogeneous isotropic material, i.e.:
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" E o (L+ (45)

RI - Scalar value of inner boundary radius Ro.

RSS(2097),- Floating-point and fixed-point names of a

ISS(2097) FEABL-2 DATA vector. These arguments must

be equivalenced, as well as dimensioned in

the user's MAIN program.

B(6,3,13) - A collection of B matrices for stress analysis

(see Subsection 3.2).

HOLEL returns the assembled subregion stiffnesses as a variable-

bandwidth-stored matrix in the DATA vector RSS,ISS. The results

may be read into another storage area with the algorithm given

in Appendix A, or may be assembled directly into another DATA

vector with FEABL-2 subroutine ASMSUB (see Subsection 2.2).

Procedure HOLEL requires no input data cards.

3.2 Required Subprograms and Other Features

Procedure HOLEL requires the following additional software

for execution:

1. ASRL FEABL-2 subroutines ASMLTV, ORK and SETUP.

2. IBM Scientific Subroutine Package subroutines MPSD

and SI11V.

No external disk or tape files are required.
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3.3 Model Generation and Program Flow

Figure 20 summarizes the program flow in Procedure AOLEL.

At entry, whatever control parameters are present in the FEABL-2

labelled COMMON areas SIZE, BEGIN and END are saved in temporary

storage. Subroutine SETUP is called to establish address control

for the RSS,ISS vector for a structure model with 64 total degrees

of freedom, consisting of the eight 12-degree-of-freedom elements

in Fig. 9. Eleaent interconnections are then geriýerated internally,

in accordance with the numbering conventions in Fig. 8 and Fig. 11,

and subroutine ORK is called to compute the ba:id margin and complete

address control for the assembled stiffness matrix.

Subroutine QHOLEL is now called to compute k1, the stiffness

matrix for element 1. This subroutine calis in turn subroutines

HMTRX and GMTRX to compute H and G, forms the stiffnesses GTH-G.

Subroutines HMTRX and GMTRX loop ove.: tho GLO integration stations

in the element domain A and on aA r.spectively, calling upon sub-

routines TRIG, PMTRX, LMTRX and MNMTR:: to compute P(r,O), L(A)

and MTNT at each station, and accumulating the ptoduct sums

(including GLQ weightirl factors) fcr P SP and (NMP)TL. Subroutine

HHTRX calls SINV (which calls MFSD) to invert H.

After ki has beer comp ted, subroutine QHOLEL forms a 6x3x13

matrix for stress analysis, consisting of six matrices B(r,8) as

given by Eq. 41, and stored in accordance with the following

conventions:

= , 0 (46)
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where subscript I identifies the specific B matrix, and where

• •,• Od /8 $ Zint,z, ...

r, Ro (47)

+ 24 O.(citstance fresm R. to outer-
6omnAry 491o0"3 ) i i-2,3;

Thus, the B matrices refer to six locations which divide the

ray 0 = n/8 into five equal segments, with B located on the

inner circular boundary and B6 located on the near/far-field

boundary. Polar stresses for these locations can be computed

from:

1z~
r yr = TRESS ')z = B(I,TK)* 4(Z) (48)

where

=(49)

An extra column (K=13) is appended to each B matrix for storage

of the polar coordinates of its location.

At this point, subroutine HOLEL regains control and executes

the transformation-assembly process outlined in Subsection 2.6.

In the program, k is formed first, and the assembly sequence is.2

programmed as:
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Assembly of k and k

Rotation through P/2 to k3 and k4

Assembly of k3 and k4

Rotation throuqh ii to k5 and k6

Assembly of k7 and k

Finally, the HOLEL address control parameters are transferred

to the FENBL-2 labelled COMMON areas SIZESS and BEGSS, and the

userls control parameters are returned to areas SIZE, BEGIN and

END. Control is now returned to the user's calling program, with

HOLEL ready for assembly to the user's structure model by means

of FEABL-2 subroutine ASMSU1I.

3.4 Procedure Status

All of the 1I0LXL subrout ines, toqether with copies of 11M

subroutines MFSD and SINV, are maintained as a unit in thie form

of individuallly sequenced, 029-punched FORITRAN-IV source decks.

A list ilq of Procedure HOLIUL appears in Appendix B.



Section 4

PANEL PROGRAM

The PANEL program is an executive program which controls

the assembly of several substructures into a model of a skin

tension panel with a single open fastener hole. The PANEL program

uses procedure HOLEL and several additional special-purpose proce-

dures to generate the required substructures. Details of these

additional procedures are discussed in Subsections 4.2 and 4.3.

4.1 Structure Model and Input Conventions

Figure 21 illustrates the structure which the PANEL program

models: a rectangular panel loaded by uniform tension on its

horizontal edges. The panel contains a single fastener hole

centert-el vertically. The fastener hole may be either centered

or offset hori-ontally. The vertical edges of the panel may be

stiffened symiefrically with intoecral %tiffeners, if desired.

One or two cracks may be placed to emanate radially from the

f•rsLtner hole. If two cracks are specified, they will be located

]QO derees apart, and they may Ix of equal or unequal lenqth.

Th,, anitlar lxsition, ij, to the first crack may bei varied in

1%-,l,-,ire,- increments from 0 to 145 degrees if there is only one

cr;ack, or from 0 to 165 degrees if there are two cracks. A

second version of the PANEL program is available for a structure F
in which only the )tfiL edgie m•iy he .stiFfvetod. The ioeonnd version



is otherwise similar to the first version, and will not be

discussed separately.

Four input data cards are re..uired for the PANEL program.

The input data describe the specific panel oeometry and define

several parameters which control the type of solution executed

and the amount of informuation printed. Figure 22 iUlust'.tes

the correct format for the input cards:

1. Panel parameters

WIDTH = Total width of the panel, Wp

LENGTH = Total length of the par•l.

THK = Panel thickness.

STFFCT - Stiffener factor.

PRESS z Tension loading, a
yy

RI - Radius of the fastener hole.

IOFFST = Offset indicator.

2. Crack parameters

AM1) - Lenqth of first crack.

A(2) w Length of second crack.

IPOS() - Crack initial position nmber

IPOS(2) w Crack final positiotn number.

3. Material properties

E = Young's modulus.

v Poisgon's ratio.

4. Print control parameters

KTI Control for optional FEAUL-2 output.
KT2 Control for optional FARFLU output.

KT3 Control for optional RINPL output.
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The stiffener factor is defined in terms of the panel

dimensions (Fig. 21):

STFFCT " i#,. /Wpr ., (5WP

The value ST'FPCT i corresponds to an unstiffened panel. Negative

values may be used tU analyte panels with edges thinner than the

primary structure. The off,.et indicator is used to control the

type of solution desired. The following options are available:

IOFFST = 0 - Centered fastener hole only.

IOFFST = 1 - Fastener hole moves right.

IOPFST -1 - Fastener hole moves left.

For the latter two options, solutvsnu are ixecuteo. autom-tically

beginning with the hole on center and ending with the hole as

close to the edge of the panel as permitted by tthe finite-elemerit

model. If STFFCT # 0, motion of the hole is further restricted

to avoid overlapping with a stiffener.

A value of 0 should be assigned to crack length A(2) if a

structure with only one crack is to be analyzed. Crack sizes up

to 1.27 (RI) are permitted. The crack position numbers control

the angular location of the first crack as follows:

•:,• i O,:uOPO S (1~z. ) to•.;
top". (IW 1Z-• I a a .

66 7r/L Z IS' 1* e

Permissible limits for the position numbers are:
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1 4 I POnh) s IPOS(W IPOS(z) $ (52)

where

=24 if A(Z=h

V) WAX U. Af A O(53)

Solutions -re executed automatically beginning with the first

crack in position 1 and ending with the first crack in position

2. A single solution is executed if IPOS(2) - IPOS(l). A case

matrix is executed if IOFFSV $ 0 and IeOS(2) > IPOS(1).

Most of the routine information pvinted by the PANEL program

is of no interest when pi7o•uctio:n runs are executed. This informa-

tioni may be. deleted from the outp'Jt by "ssigninq each of the

control paramc-ters ET, K2, KT3 vclues equal to the FORTRAN

unit nmuber for the line printer 4t the user's computing facility.4

Any other value permits full ouo-.ut by the associated software.

Pull output is roco:u-Oeded for initital testing of the program at

a new facility. Output from VARI'LD and RING sho'sld be allowed

whenever a new rangq of panel dir.ensions 1s tried.

4.2 Revired . a, d Other Features

The PANEL proqram rci,_uires the following additional software

for execution:

*The same value used in a print instrniction, c.q., WRITE (6,1000)
A,BC. The FORTRAN unit number in this case is 6.
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1. ASRL FEABL-2 subroutines ASMLTV, ASMSUB, BCON, FACT,

ORK, OBACK, SETUP, SIMULQ, STACON and XTRACT.

2. IBM Scientific Subroutine Package 3ubroutines MFSD

and SINV.

3. ASRL proce%:,res FARFLD, HOLEL and RING, with included

subroutines.

4. ASRL elements PCRK59 and QUAD4.

No external disk or tape files are required. The program must be

able to communicate with the user's facility card reader And line

printer, by means of two instructions near the beginning of the

pz,. jram:

KR Card reader FORTRAN unit number.

KW Line printer FORTRAN unit number.

The program is supplied with IBM-standard values KR=5 and KW=6.

4.3 Model Generation and Piogram Flow

The panel structure model is created via several levels of

substructuring to minimize repeated processing of unwanted degrees

of freedom. Figure 23 illustrates the general hierarchy of the

finite-element trodel. Procedures FARFLD and RING qenerate the

two major components which are finally ,ssembled to form the

complete structure.

Procedure FARFLD creates the far-field region, consisting

of opper and lower rectangular substructures generated by

procedure IxUG,,* and a center-zone substructure generatec. by

*Different from the attachment lug procedure reported in Ref. 1.
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procedure CZONE. Procedure LUG assembles a regular mesh of

QUAD4 elements and eliminates all except the upper-edge and

lower-edge nodes. Procedure CZONE assembles HOLEL together with

right and left portions modelled with QUAD4 elements, and eliminates

all but the upper- and lower-edge nodes and the inner circular

boundary iodes. Procedure FARFLD assembles the LUG and CZONE

components and executes additional Gauss elimination to produce

one of two major substructures:

1. "Panel-and-Hole", in which only the nodes along the

top and bottom edges of the panel and the nodes along

the inner circular boundary remain as boundary nodes

in the statically condensed structure. Displacement

restraints are applied at the bottom edge and nodal

forces are applied at the top edge to represent

uniform tension.

bottom edges eliminated by static condensation (nothing

remains but the smile).

Only the Cheshire Cat option is used by the PANEL program. Number-

ing cnnventions for the FARFLD compcnents are illustrated in Figs.

24, 25 and 26.

Procedure RING creates an inner cracked ring for assembly

inside the Cheshire Cat. The ring consists of two 150-deqree

arcs and two 30-degree segments which contain QUAD4 and PCRK59

elements. The arcs are assembled by procedure ARC4, which also
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removes all interior nodes by static condensation. Procedure

RING assigns the angular locations of the components to obtain

the required crack positions, and determines where each PCRK59

element is to be placed in the 30-degree segments according to

the crack sizes A(l), A(2). Finally, procedure RING assembies

and statically condenses the cracked ring to produce one of two

major substructures:

1. Ri.nq with all but inner and outer circular boundary

nodes eliminated.

2. Ring with all but outer circular boundary nodes

eliminated.

Retention of the inner boundary nodes is useful for cases in which

bearing or interference-fit loads are to be applied at the fastener

hole. The outer boundary nodes must be retained for coupling

with the Cheshire Cat. The PANEL program uses only the second

option. Numbering conventions for the RING components are

illustrated in Figs. 27 through 30. Procedure RING always

generates a ring with an outer/inner diameter ratio of 2.52 to

maintain shape conformity for the QUAD4 elements.

Figure 31 illustrates the executive flow in the PANEL program.

After the problem input data have been read and printed and some

paLameters have been calculated for control of the various

procedures, two major loops appear. The outer loop beqins with

the creation of a Cheshire Cat, a step which must be repeated

each time the fastener hole is offset to a new position. This

is followed by address control and interconnection qeneration for
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the final structure, which will be asembled from the Cheshire Cat

(super-element 1) and the cracked ring (super-element 2). The

interconnection algorithm is actually completed inside the inner

loop to aflow the band-margin computations (Subroutine ORK) to

erase the K and q data from the previous pass. The remainder of

the inner loop consists of assembly of the Cheshire Cat, generation

and assembly of the cracked ring, global solution (isubroutines

FACT and SIMULM), a back-substitution to obtain q fo. the cracked

ring substructure and finally, extraction of the PCRK59 displace-

ments from qL and computation of KI and KIV The ends of the

inner and outer loops are governed by incrementation of the crack

angle and hole offset, respectively, and logical checks to determine

whether the prescribed ranges of these parameters have been swept.

4.4 Output Conventions and Error Messages

Figure 32 illustrates a sample output from the PANEL program

(version 2, left side stiffened). The output from Version 1 is

similar. The heading identifies the program version and repeats

the user's input data. Below the material properties data appears

a table of KI and KII solutions ior one or two cracks, together

with their angular positions. The K1 and K11 values are NASA/ASTM

standard stress intensities in units of psi Vin., assuming that

the input data was specified in corresponding engineering units

of psi for loading and Young's modulus and inches for dimensions.

The bample output is an example of the production information

obtained by exercising the three options for deletion of debugging

output.
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Be3ides the FEABL-2 software error messages [6), the follow-

ing diagrostics may result from the PANEL progiams. In procedure

RING, the lenath specified for each crack is checked to insure

that the crack tip does not extend beyond the average radius ofI the outermost ring of quadrilaterals, i.e.:

Az ,-AT) - (X".0 + 2.'Z R,) T J'-,Z. (54)

where R4 is the inner radius cf the outermost ring. If Eq. 54

"is violated, a message is printed and program execution is terminated.

T.,is condition i.s someuhat conservative, since it restricts the

crack tip to a position mid-way in the PCRK59 element. Eq. 54

may be replaced by:

÷A '(7• O.3 R+ + .7x 2.-zRz (55)

to permit the crack tip to approach somewhat closer to the outer

bou-Lrary. In procedure CZONE, a check is made to insure that the

fastener hole offset is within allowable limits. This is done by

monitoring the node number of the fictitious center reference node

(see Fig. 25). Excessive offset causes an error message and

program termination.

4.5 Program Status

Both versions of the PANEL program have been exercised

"successfully for all analysis options, and are maintained as
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sequenced, 029-punched FORTRAN-IV source decks. Either version

requires 260 to 300 KBYTES (65,00010 to 7 5 ,000 10 words, or

176,7508 to 222,3708 words) of core memory and approximately

0.8 to 1.0 CPU minute, depending upon the ranges of

the hole offset and crack angle parameters. Storage and time

statistics are based on runs made on an IBM S-370/168 machine,

using the IBM FORTRAN-GI and FORTRAN-H compilers. Version 1

(symmetrical edge stiffeners) is listed in Appendix C. Version

2 (left edge stiffener only) is listed in Appendix D.
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Section 5

DEMONSTRATION EXAMPLES

A number of example analyses have been run to verify the

PANEL program code and simultaneously to explore the accuracy of

the analysis for a range of panel and crack dimensions wider

than considered in the HOLEL performance tests. The solutions

given here focus mainly on panels with centered fastener holes

having cracks at 6=0,n because there exist no independent solu-

tions with which to compare other configurations.

Figure 33 illustrates the coarsest model possible to generate

from the PANEL program: lugs consisting of two elements each and

a center-zone composed only of HOLEL. Also, the dimensions

chosen are such that the fastener hole is no longer small compared

to the panel, and since the outer/inner diameter ratio of the

cracked ring is 2.52, the HOLEL shape parameter in this case is:

W/D° = 4/2.52 z 1.59

a point well outside the range studied in the HOLEL performance

tests. The butterfly plots for KI and K shown in Fig. 33

illustrate an error effect caused by proximity of the displacement

boundary conditions to the region of interest. In the present

case, the restraints are only two elements away from the "action"

(a lug QUAD4 and the HOLEL) when either crack lies below the
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horizontal. The error is most pronounced for K11 at (3 225, 315

degrees. The error would be more pronounced as ( - 270 degrees,

except that the solution tends rapidly to zero in this region.

A similar but less-pronounced effect can be observed in the plot

for KI. Comparison of KI for ( = 0, 180 degrees with an indepen-

dent solution [10, 11] provides a more welcome result. Indeed,

it is quite surprising that this very crude finite-element model

is able to faithfully reproduce the classical solution. The

general conclusion to be drawn from this test is that only the

upper half of the butterfly plot may be trusted when running

models with very few elements in the FARFLD substructure.

Figures 34 and 35 illustrate two runs in which the panel

and crack dimensions have been varied to explore the effect of

W/n . Also, the aspect ratios of the elements in the LUG sub-
0

structure were changed to allow more elements between the restrained

bottom edge and the center-zone. The latter modification has

eliminated the restraint error effect. Table 2 summarizes the

comparisons of results from Fiqs. 33 throuqh 35 with the independent

solution, showing that reasonable accuracy has been achieved over:

1.59 $ W/D0 4 6.35

The greater error for the middle case remains an unexplained

anomaly.

Figure 36 illustrates the K1 and KI solutions obtained for

a panel of the same dimensions, hole radius, etc. qown in Fiq.

35, but with the hole offset to the maximum amount pormitted in
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the model, a distance of 1.5 inches. Increases of the order

of 5 to 10 percent are observed for KI, with the greatest

increase at crack tips which are located nearest to the edge

of the panel.

Figures 37 through 39 present results for some additional

studies of the basic panel shown in Fig. 35 to illustrate the

stiffening options. A stiffener factor of 0.5 was used for

these analyses, i.e., the added cross section area of each

stiffener was 50 percent of the panel cross section area.

Figure 37 plots KI and KII solutions for a symmetrically

stiffened panel. Results are shown for the fastener hole

centered and offset by 1 inch. There is very little difference

between the two solutions. Solutions for a panel with left-edge

stiffener and a centered fastener hole are plotted in Fig. 38.

The results for K and K appear to be symmetrical. In fact,
I 1I

very little difference can be observed between the unstiffened,

symmetrically stiffened and asymmetrically stiffened panels (compare

Figs. 35, 37 and 38). Some diffe-ence is noted when the fastener

hole is offset 1.5 inches to the right, away from the stiffened

edge. Figure 39 presents the results for this case, which are

almost identical to the results for an unstiffened panel (compare

with Fig. 36). The tentative conclusion from these results is

that edge stiffeners and moderate offsets do not appreciably affect

K and K for cracks at the fastener hole, at least for uniform
I I

tension loading and when the hole and crack are not extremely close
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to an edge or stiffener.

Figure 40 summarizes the dimensional information for a panel

model used to study a broad range of a/R1 ratios with W/D fixed
0

at 1.59. Table 3 summarizes the results for a series of cases

with equal-length cracks at 0=0,ir. These may be compared directly

with handbook data because the dimensions of the model correspond

precisely with a published curve. The results are seen to be

quite reasonable over the entire range:

0.05 4 a/IR 4 1.25

Indeed some of the error indicated in the table may be attributed

to inaccuracy in reading the handbook chart. A number of other

cases for a single crack at 0=0 and for two unequal-length cracks

are compared with the foregoing results in Table 4. Complete

butterfly plots of the KI and K1I data computed from these runs

will appear in a later report.
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Section 6

CONCLUSIONS

This report has traced the development of a parametric

finite-element analysis program for computation of Mode I and

Mode II stress intensity factors in stiffened and unstiffened

panels with cracks emanatinq from centered and offset fastener

holes. Early attempts to model the structure entirely with

conventional elements, except for the crack-tip element and a

few mesh-expander elements, proved to be unsuccessful. Test

runs of these types of finite-element models quickly demonstrated

that asymmetric grading of the mesh was forced by the need to

accommodate an offset hole and at the same time to keep the size

of the model within economic bounds. The asymmetric mesh was

found to give extremely poor results for computed displacements

in regions of low stress gradient, and was therefore abandoned.

The assumed-stress hybrid method was called upon once again,

this time to provide a special element which could handle the

transition from circular geometry near the fastener hole to the

cartesian geometry natural to the rest of the panel. As finally

developed, the hybrid element occupied a 45-degree sector between

its inner (circular) and outer boundary. Alry stress functions

from classical elasticity solutions near a hole in an infinite

plate were used to provide the assumed stress field. The new
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element allowed a much cleaner, more economical finite-element

mesh to be designed, while at the same time providing accurate

computations near the fastener hole. Performance tests have

shown that the element is capable of occupying a stress-free

fastener hole boundary directly, and of accepting interference-

fit and cosine bearing loading on the fastener hole surface.

Additional tests demonstrated that conventional quadrilateral

elements could be coupled in rings inside the inner boundary of

the new hybrid element, with no loss of accuracy. Some tests were

also conducted with hybrid crack-containing elements replacing

some 3f the quadrilaterals. These tests demonstrated that stress

intensity factors could be computed to within a few percent Of

the values given by well-established independent solutions based

on classical methods. In the final phase of the project, a

parametric program was developed and verified for analysis of

tension panels in the various configurations mentioned above.

During the verification tests, the hybtid fastener hole-rinq

combination was subject." to a variety of dimensiotual and shape

parameters to further extend the ranqe of measured pex-formawce.

The results of these tosts have demonstrated that the panel

program is capable of comput .rnq str'ess intens ity factors to

within 5 pe(rcent or bottor for fastener hole anuld crack siza-s found

in currvnt airframes.

"The many example rogullt.t presented in this I'eport are t- till

A rathetr limited data, base. whien CoMpred w~th N hi e numltyr of' stros,



intensity factor solutions needed for a comprehensive designer's

handbook. Some additional data, which were generated in the

final verification tests but not included in this report, will

a;pear in a later report in this series. However, further verifica-

tion tests are still required to broaden the range of applicability

of the panel. program. One concern which has not yet been answered

is how close a row of fastener holes may be spaced, or how near

may a fastener hole approach the edge of a panel, before the

finite-element amodl experiences unacceptable degradation of

acctracy. The data generated thus far seem to indicate that there

will be a limit in this respect, and that the limit may be severe.

Addition of aid-edge nodes to the edges which span between the

hybrid fastener hole element's inner and Outer boundaries may

.tmit closer spacing, but will also require additional terms

in the as d &tten field.

Aother continuing conc•rn is associated with the verificataon

process itself. The c=bination of crack-containing and fastener

hole elmeants gives the capability to coMpute K and K1 1 for so .

many varied configurations that the numerical analyst finds him-

self sailing in uAcharted waters. At the present time. parametric

codes like the p l pr•oram cat only be calibrated against classical

solutions for K1 at one or two data points, while they may cotpute
It

as zany as 00 data points each for K aud XI.
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TABLE 1

COMPARISON OF CLASSICAL AND FINITE-ELEMENT

FRACTURE MECHANICS SOLUTIONS

Number of Crack Size, Hole Radius, K (psirl/)
Cracks a (in.) RI (in.) a/R Eiact FEM Error

2 0.04 0.08 0.5 650 630 3.0
1 0.04 0.10 0.4 660 675 2.4
2 0.J8 0.10 0.8 792 771 2.7
2 0.05 0.20 0.25 910 910
2 0.20 0.20 1.0 1150 1170 1.9

TABI.E 2

COMPARISON OF CLASSICAL AND FINITF-ELKMWNT

RESULTS FROM T|REE DEMONSTRATION %X4MPL-vS

(Fastener hole with 2 cracks)

Crack 11010 11.EL XK (p;s4,}
Case Fiq. Size (in.) 1d. (in.,) 4,/Rr 1/0 Eiet rv.' ervor

1 31 0.3 0.5 0.6 1.S9 1971 1400 1.0
2 34 0.125 0.25 0.5 1.1' 14'W 11`4 4.1
1 0.125 -0.125 1.0 6.35 8696 S0 a,7
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TABLE 3

PERFORMANCE OF PANEL PROGRAM AS A

FUNCTION OF a/RI RATIO

(Structure model in Fig. 40; cracks at (-=0,i.)

a(in.) and K (psi fi.) %
a/RI Exict* FEM Error

0.05 1144 1160 1.4
0.1. 1673 1613 3.6
0.2 2037 2051 0.7
0.4 2474 2445 1.2
0.6 2735 2715 0.7
0.8 2973 2897 2.6
1.0 3257 3099 4.9
1.2 3521 3401 3.4
1.25 3588 3500 2.5

*Ref. 11, p. 19.4, curve marked h/b=2, R/b=0.25.

V TABLE 4

ADDITIONAL TEST OF a/RI RATIO

(Structure model in Fig. 40; one crack or two unequal cracks.

ca(in.) and a/RT K (psi*/i/i.) at 0=0 %
0=0 FEM Exact (from Table 3) Difference
0.05 --- 1155 1144 1.0

0.1 1600 1673 4.4
0.2 2000 2037 1.8
0.4 --- 2302 2474 6.9
0.6 --- 2466 2735 9.8
0.8 2522 2973 15.2
1.0 2602 3257 20.1
1.2 2756 3521 21.7
1.25 --- 2813 1588 21.6
0.05 1.25 1-447 1144 26.
1.25 0.05 2824 3588 21.1
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CONTRACT 81739 !

PROBLEM NO. 3

LEPI SIDE STIFFENED

IUPUT DAT

FLATE GECNETRY:

PIATE WIDih= O.4O00CfC1'
LFATE LENGTH= C.1COCCE€02

FLATE THICKNESS= 0.1CGCOE+01
FLAIE STJFFENEý FtCICRZ 0.500
""AR FIILL LOAtING (f5i)- 0.10C00E#O4
RA UIS OF HOLE= 0. I25CCE+00
RCLE CYSEST INDICAICh= 1(=0, HOLE RE4AINS CENTERED

=--. HOLE MOVFD TG ltE RIGHT
= t1, HOLE MOVEC 13 THE LEFT)

CRACK EATA:
CRACK NC. 1 CRACK LENGTH= 0. 12500?+00

INITIAL CRACK POSITION= 1( 0.0 tPGREES)
fINAL CRACK POSITION= 13( 180.000 DEGREFS)

CRACK NC. 2 CRACK LENGTHr= 0.1250D!+00
INITIAL CRACK POSITIO'i= 1( 180.000 DEGREES)

"FINAL CRACK POSITION= 13( 360.000 DEGREES)

*MATERIAL PBOPiRTIES:J

Y CUNGS P.CEULUS (F)= C.10000E.C8
ECISSONS SATIO= O.3CCOGE+00

CRACK NO. I ANGLE= C.0 KI= 0.917369F#03 911= 0.11424E+00
CRACK VC. 2 ANGLE= 180.000 KI: 0.87216F403 KII= 0.45826E00

CRACK NC. 1 ANGLE- 15.030 KI= 0.87397E403 KII= O.35178E+03
CRACK NO. 2 ANGLE= 195.000 91= 0.87177F4C3 KII= 0..3505SE+03

CRACK NC. 1 ANGLE= 30.0)0 KI= 0.82898F403 Nil= 0.58O763E.03

CRACK NO. 2 ANGLE= ;IC.010 KI: 0.826471#C3 KIT= O.5R53F+03

CRACK NC. 1 ANGLE= 45.000 KN= 0.60824h403 KIT- 0.58508E*03
CRACK NC. 2 ANGLE= 225.030 K!= 0.606591C03 KIT= 0.582q6E+03

CSACK NC. I ANILE= 60.030 KI= 0.27609?4C3 KIT= 0.44344E+03
CRACK NO. 2 AGJGLE 24C.010 K1= 0.2759%6403 KIT= 0.44213E+O3

FIG. 32 SAMPLE OUTPUT FROM PANEL PROGRAM
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Appendix A

ALGORITHM FOR T'RANSFERRING A SUBSTRUCTURE

TO RESERVE STORAGE

Assume that a standard t'LABL-2 assembly has been executed,

cad that the assembled structure has been statically condensed

with subr-outinle STACON. The objec7tive is to transfer the con-

densed stiffness matrix K -and force Q from the FEABL DATA,Ivector (desio-~ated by RNAM%!1INeW'E) to reserve storage. Assume

Curther tnt i amost fully ucoulated. Therefore, K(C is

to be inilatedi to a flypopulated, to-wer- trianjq be-voctor -stored

matrix durinqi the transf-er processý. Fur thi's purtpost,, vcc:tors

S~l~and STORQ, are 1ame~nsianodt in the. MAIN tr oqra~m to a t To0ast

+NI tIIr2 ana N. wo r ds revsoec tivel Y¾v whe re- N is t ht? total umber

of bound~iry (uncoaddensecd) d&MIrt'es of f rc'ionl V Cm c . Vetr

1M~tQRYw,, It whkite STORS rectivcs %

0 chr var'uab los jiupoa r tt .~. ho a ~cr It hn tq 1 v, t; e ct I Io w inI ci

rc- ICWGIPP is the f -ý.rst ofnocesd erc frrc!i .. ,

I J, ERo t N104.i I I and J aro f:t cAp indices w&.4cd:5 contr(ol Žr.oqre'ss

thrj.qh KX in thrATIA tt:tr I: thc :t t

for Ithe colýýumnls. If C row is encovstrterd r wh~ich theý b1AndJ marox n

(cVof K lies, to the rkiOht of col~umnl IZERtO, tlnen A'oifc oa.vseo

must be inserted in thecrepodn row in SItORX.ŽCO.~

used to ccomputt and com Pare the band marcoxn. 1 1 it., u~sed oto boýld

the variable-bandwidth address information r quz red to l.oCat



stiffnesses in the DATA vector belonging to ROW i. M, N and MN

are used to trace the lower-triangle address in vector STORK.

IKOUNT, ILNZ and IQ are FEABL address control parameters located

in the BEGIN labelled COMMON area. NDT is the total number of

degrees of freedom in the assembled structu:re (boundary plus

interior), available in thie SIZE labelled COMMON area.

The transfer algorithm begins immediately after subroutine

STACON has been executed:

IZERO = NID+l

M=0

DO 20 I=IZERO, NDT

I I= NAME (I KOUNT+ I- 1)

M=M+l

STORQ (M) =RNAME (T Q+I-I)

N= 0

DO 10 J=IZERO,I

N=N+l

SMN (M* (M-) )/2+N

STORK (MN) =0.0

LNZCOL=INAME (ILNZ+I-1)

IF(LNZCOL-J) 5,5,10

5 STORK (MN) RNAME(II+J)

10 CONTINUE

20 CONTINUE

v.4.7
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